Abstract. In this paper we develop a theory of curvature (resp. multiplicity) invariant for tensor products of full Fock spaces F 2 (Hn 1 ) ⊗ · · · ⊗ F 2 (Hn k ) and also for tensor products of symmetric Fock spaces F 2 s (Hn 1 )⊗· · ·⊗F 2 s (Hn k ). This is an attempt to find a more general framework for these invariants and extend some of the results obtained by Arveson for the symmetric Fock space, by the author and Kribs for the full Fock space, and by Fang for the Hardy space H 2 (D k ) over the polydisc. To prove the existence of the curvature and its basic properties in these settings requires a new approach based on noncommutative Berezin transforms and multivariable operator theory on polyballs and varieties, as well as summability results for completely positive maps. The results are presented in the more general setting of regular polyballs.
by Richter [28] , the theory of curvature invariant was extended to the Dirichlet space by Fang [10] . In the noncommutative setting, a notion of curvature invariant for noncommutative domains generated by positive regular free polynomials was considered in [23] .
The goal of the present paper is to develop a theory of curvature invariant for the regular polyball B n (H), which will be introduced below. In particular, our results allow one to formulate a theory of curvature invariant and multiplicity invariant for the tensor product of full Fock spaces F 2 (H n1 ) ⊗ · · · ⊗ F 2 (H n k ) and also for the tensor product of symmetric Fock spaces F 2 s (H n1 ) ⊗ · · · ⊗ F 2 s (H n k ). To prove the existence of the curvature and its basic properties in these settings requires a new approach based on noncommutative Berezin transforms and multivariable operator theory on polyballs and varieties (see [20] , [24] , [25] , and [26] ), and also certain summability results for completely positive maps which are trace contractive. In particular, we obtain new proofs for the existence of the curvature on the full Fock space F 2 (H n ), the Hardy space H 2 (D k ) (which corresponds to n 1 = · · · = n k = 1), and the symmetric Fock space F 2 s (H n ). To present our results, we need some notation and preliminaries. Throughout this paper, we denote by B(H) n1 × c · · · × c B(H) n k , where n i ∈ N := {1, 2, . . .}, the set of all tuples X := (X 1 , . . . , X k ) in B(H) n1 × · · · × B(H) n k with the property that the entries of X s := (X s,1 , . . . , X s,ns ) are commuting with the entries of X t := (X t,1 , . . . , X t,nt ) for any s, t ∈ {1, . . . , k}, s = t. Note that the operators X s,1 , . . . , X s,ns are not necessarily commuting. Let n := (n 1 , . . . , n k ) and define the regular polyball for Y ∈ B(H). We use the convention that (id − Φ fi,Xi ) 0 = id. For information on completely bounded (resp. positive) maps we refer the reader to [17] .
Let H ni be an n i -dimensional complex Hilbert space with orthonormal basis e i 1 , . . . , e i ni . We consider the full Fock space of H ni defined by where S i := (S i,1 , . . . , S i,ni ), is an element in the regular polyball B n (⊗ k i=1 F 2 (H ni )) and plays the role of universal model for the abstract polyball B n := {B n (H) : H is a Hilbert space}. For more results concerning noncommutative Berezin transforms and multivariable operator theory on noncommutative balls and polydomains, we refer the reader to [20] , [24] , [25] , and [26] .
In Section 1, we introduce the curvature of any element T ∈ B n (H) with trace class defect, i.e. 
q1 ⊗ · · · ⊗ P (k)
where K T is the Berezin kernel of T and P
(i)
qi is the orthogonal projection of the full Fock space F 2 (H ni ) onto the span of all vectors e i αi with α ∈ F + ni and |α i | = q i . The curvature curv(T) is a unitary invariant for T that measures how far T is from being "free", i.e. a multiple of the universal model S. We prove several summability results for completely positive maps which are trace contractive. These are used together with the theory of Berezin transforms on noncommutative polyballs to prove the existence of the curvature curv(T) and established several asymptotic formulas for the curvature invariant which are very useful later on. It is also shown that the curvature of T := (T 1 , . . . , T k ) can be expressed in terms of the associated completely positive maps Φ T1 , . . . , Φ T k . In particular, we prove that curv (T) = lim (q1,...,q k )∈Z k
which implies the inequalities 0 ≤ curv (T) ≤ trace [∆ T (I)] ≤ rank [∆ T (I)].
In Section 2, we introduce the curvature operator ∆ S⊗I H (K T K * T )(N⊗I H ) associated with each element T in the polyball B n (H), which can be seen as a normalized "differential" of the Berezin transform. We show that if T has characteristic function and finite rank, i.e. rank ∆ T (I) < ∞, then the curvature operator associated with T is trace class and
This is used to obtain an index type result for the curvature, namely, curv(T) = rank [∆ T (I)] − trace [Θ T (P C ⊗ I)Θ * T (N ⊗ I H )] , where Θ T is the characteristic function of T. As a consequence of these results, we show that the curvature invariant can be used to detect the elements T ∈ B(H) n1 × · · · × B(H) n k which are unitarily equivalent to S ⊗ I K for some Hilbert space with dim K < ∞. These are precisely the pure elements T in the regular polyball B n (H) such that rank ∆ T (I) is finite, ∆ S⊗I (I − K T K * T ) ≥ 0, and curv(T) = rank [∆ T (I)].
In this case, the Berezin kernel K T is a unitary operator and T i,j = K * T (S i,j ⊗ I ∆T(I)(H) )K T . We say that M is an invariant subspace of the tensor product F 2 (H n1 ) ⊗ · · · ⊗ F 2 (H n k ) ⊗ H or that M is invariant under S ⊗ I H if it is invariant under each operator S i,j ⊗ I H . We call M Beurling type invariant subspace of S ⊗ I H if there is an inner (partially isometric) multi-analytic operator with respect to S, Ψ :
We recall that Ψ is called multi-analytic with respect to S if Ψ(S i,j ⊗ I H ) = (S i,j ⊗ I E )Ψ for all i ∈ {1, . . . , k} and j ∈ {1, . . . , n i }. We say that M has finite rank if (S ⊗ I H )| M has finite rank.
Given two invariant subspaces M and N under S ⊗ I H , we say that they are unitarily equivalent if there is a unitary operator U : M → N such that U (S i,j ⊗ I H )| M = (S i,j ⊗ I H )| N U . In Section 2, we show that that curvature invariant completely classifies the finite rank Beurling type invariant subspaces of S ⊗ I H which do not contain reducing subspaces. In particular, the curvature invariant classifies the finite rank Beurling type invariant subspaces of F 2 (H n1 ) ⊗ · · · ⊗ F 2 (H n k ) (see Theorem 2.9).
Let M be an invariant subspace of the tensor product F 2 (H n1 ) ⊗ · · · ⊗ F 2 (H n k ) ⊗ E, where E is a finite dimensional Hilbert space. We introduce, in Section 3, the multiplicity of M by setting m(M) := lim m→∞ 1 m + k k q 1 ≥0,...,q k ≥0 q 1 +···+q k ≤m trace P M (P (1) q1 ⊗ · · · ⊗ P (k)
Analogously, we define m(M ⊥ ) by using P M ⊥ instead of P M . The multiplicity measures the size of the subspace. Note that if M = F 2 (H n1 ) ⊗ · · · ⊗ F 2 (H n k ) ⊗ E, then m(M) = dim E. We prove that the multiplicity of M exists and provide several asymptotic formulas for it and also an important connection with the curvature invariant, namely, Unlike the case of the symmetric Fock space and the Hardy space over the polydisc when the curvature and the multiplicity turn out to be nonnegative integers (see [12] and [11] ), for the tensor product of full Fock spaces, they can be any nonnegative real number, as long as at least one of the Fock spaces has at least 2 generators (see Corollary 3.8). Moreover, we prove that if n = (n 1 , . . . , n k ) ∈ N k is such that n i ≥ 2 and n j ≥ 2 and i = j, then, for each t ∈ (0, 1), there exists an uncountable family {T (ω) (t)} ω∈Ω of non-isomorphic pure elements of rank one defect in the regular polyball such that
We also show that the curvature invariant detects the inner sequences of multipliers of ⊗ k i=1 F 2 (H ni ) when it takes the extremal value zero.
In Section 4, we consider several properties concerning the stability, continuity, and multiplicative properties for the curvature and multiplicity. For example, we show that the multiplicity invariant is lower semi-continuous. More precisely, if M and M m are invariant subspaces of
In Section 5, we introduce a curvature invariant associated with the elements of the commutative polyball B c n (H) with the property that they have finite rank defects and constrained characteristic functions. Since the case n 1 = · · · = n k = 1 is considered in the previous sections, we assume, throughout this section, that at least one n i ≥ 2. The commutative polyball B c n (H) is the set of all X = (X 1 , . . . , X k ) ∈ B n (H) with X i = (X i,1 , . . . , X i,ni ), where the entries X i,j are commuting operators. According to [26] , the universal model associated with the abstract commutative polyball B c n is the k-tuple B := (B 1 , . . . , B k ) with B i = (B i,1 , . . . , B i,ni ), where the operator B i,j is acting on the tensor product of symmetric Fock spaces
where B i,j is the compression of the left creation operator S i,j to the symmetric Fock space F 2 s (H ni ). For basic results concerning constrained Berezin transforms and multivariable model theory on the commutative polyball B c n (H) we refer the reader to [26] . An element T ∈ B c n (H) is said to have constrained characteristic function if there is a multi-analytic operator
We proved in [26] that an element T has constrained characteristic function if and only if ∆ B⊗I (I − K T K * T ) ≥ 0. We remark that if k = 1, then any element in B c n (H) has characteristic function. All the results of this section are under the assumption that the elements T ∈ B c n (H) have characteristic functions. Given an element T in the commutative polyball B c n (H) with the property that it has finite rank defect and constrained characteristic function, we introduce its curvature by setting curv c (T) := lim
qi is the orthogonal projection of the symmetric Fock space F 2 s (H ni ) onto its subspace of homogeneous polynomials of degree q i . In spite of many similarities with the noncommutative case, the proof of the existence of curv c (T) is quite different from the one for curv(T) and depends on the theory of characteristic functions. We obtain commutative analogues of Theorem 2.6, Corollary 1.4, Theorem 2.7, and Theorem 3.1. In particular, we mention that the curvature of T := (T 1 , . . . , T k ) can be expressed in terms of the associated completely positive maps Φ T1 , . . . , Φ T k by the asymptotic formula
When k = 1, we recover Arveson's asymptotic formula for the curvature.
Given a Beurling type invariant subspace M of the tensor product
where E is a finite dimensional Hilbert space, we introduce its multiplicity by setting
We show that the multiplicity invariant exists for Beurling type invariant subspace. It remains an open problem whether the multiplicity invariant exists for arbitrary invariant subspace of the tensor product
This is true for the polydisc, when n 1 = · · · = n k = 1, and for the symmetric Fock space, when k = 1.
We remark that there are commutative analogues of all the results from Section 4, concerning the stability, continuity, and multiplicative properties of the curvature and multiplicity invariants. We only mention the stability result which is stronger in the commutative setting. Let T, T| M be elements in commutative polyballs, which have characteristic functions, where M is an invariant subspace under T and dim M ⊥ < ∞. If T has finite rank, then T| M has finite rank and curv c (T) = curv c (T| M ).
Regarding the results of Section 5, when k ≥ 2 and at least one n i ≥ 2, an important problem remains open. Can one drop the condition that the elements of the commutative polyball have constrained characteristic functions ? In case of a positive answer, the multiplicity invariant would exist for any invariant subspace of
can be seen as a reproducing kernel Hilbert space of holomorphic functions on B n1 × · · · × B n k (see [26] ), where B n := {z ∈ C n : |z| < 1}. Under this identification, one can obtain an integral type formula for the curvature, similar to the one introduced by Arveson [3] . Having in mind the results on the curvature invariant on the symmetric Fock space (see [3] , [4] , [12] , [9] , [13] ), significant problems still remain open in the setting of Section 5.
We remark that one can re-formulate the results of the paper in terms of Hilbert modules [7] over the complex semigroup algebra C[F + n1 × · · · × F + n k ] generated by the direct product of the free semigroups F + n1 , . . . , F + n k . In this setting, the Hilbert module associated with the universal model S acting on the tensor product F 2 (H n1 ) ⊗ · · · ⊗ F 2 (H n k ) plays the role of rank-one free module in the algebraic theory [14] . The commutative case can be re-formulated in a similar manner.
In a forthcoming paper [27] , we introduce and study the Euler characteristic associated with the elements of polyballs, and obtain a version of Gauss-Bonnet-Chern theorem from Riemannian geometry, which connects the curvature to the Euler characteristic of some associated algebraic modules.
Curvature invariant on noncommutative polyballs
In this section we introduce the curvature invariant associated with the elements of the polyball B n (H) which have trace class defects. We prove several summability results for completely positive maps which are trace contractive. These are used together with the theory of Berezin transforms on noncommutative polyballs to prove the existence of the curvature and establish several asymptotic formulas which will be very useful in the coming sections. It is also shown that the curvature of T := (T 1 , . . . , T k ) can be expressed in terms of the associated completely positive maps Φ T1 , . . . , Φ T k .
Given two k-tuples q = (q 1 , . . . , q k ) and p = (p 1 , . . . , p k ) in Z k + , we consider the partial order q ≤ p defined by q i ≤ p i for any i ∈ {1, . . . , k}. We consider Z k + as a directed set with respect to this partial order. Denote by T (H) the ideal of trace class operators on the Hilbert space H and let T + (H) be its positive cone.
for any X ∈ T + (H) and i ∈ {1, . . . , k}. Then the limit
exists and is equal to
for any X ∈ T + (H).
Proof. Due to the hypotheses, if Y ∈ T + (H) and
for any Y ∈ T + (H). Using the fact that φ 1 , . . . , φ k are commuting and
we can apply relation (
(X) and deduce that
for any q p+1 ∈ Z + . Consequently,
..,q k is decreasing with respect to each of the indices q 1 , . . . , q k , it is clear that
and the order of the iterated limits does not matter. Set
Consider the following sets:
Regarding the cardinality of these sets, a close look reveals that
Consequently, using the fact that trace [φ i (X)] ≤ trace (X) for any X ∈ T + (H) and i ∈ {1, . . . , k}, we obtain
Now, using these inequalities and that |trace [φ
, one can easily complete the proof.
We remark that Lemma 1.1 implies
Under the conditions of Lemma 1.1, the limit
for any X ∈ T + (H). Moreover, these limits are equal to those from Lemma 1.1.
Proof. Setting a m :=
, and taking into
Due to Lemma 1.1, lim m→∞ am bm exists. Consequently, using Stolz-Cesàro convergence theorem, we deduce that lim
where, according to the proof of Lemma 1.
Continuing this process and putting together these results, one can complete the proof.
We remark that if we take X = ∆ φ (I) := (id − φ 1 ) • · · · • (id − φ k )(I) and assume that it is a positive trace class operator, then we can show that the limits in Lemma 1.2 are equal to
This can be seen as a curvature invariant associated with the k-tuple of positive maps φ = (φ 1 , . . . , φ k ) satisfying the conditions of Lemma 1.1 and such that the defect ∆ φ (I) is a positive trace class operator. In this case, we have 0
Let T = (T 1 , . . . , T k ) be in the regular polyball B n (H). If the defect of T,
is a trace class operator, we say that T has trace class defect. When ∆ T (I) has finite rank, we say that T has finite rank and write rank (T) := rank [∆ T (I)]. We introduce the curvature of any element T ∈ B n (H) with trace class defect by setting
where K T is the Berezin kernel of T and P For each q i ∈ {0, 1, . . .} and i ∈ {1, . . . , k}, let P ≤(q1,...,q k ) be the orthogonal projection of ⊗ , where
is in the regular polyball B n (H) and has trace class defect, then the curvature of T exists and satisfies the asymptotic formulas
) with S i := (S i,1 , . . . , S i,ni ) be the universal model associated with the abstract polyball B n . It is easy to see that S := (S 1 , . . . , S k ) is a pure k-tuple and
, where C1 is identified with C1 ⊗ · · · ⊗ C1. First, we prove that
. . , k} and j ∈ {1, . . . , n i }, we deduce that
, where the limits are in the weak operator topology, we can prove that
is an increasing sequence of positive operators and
Since Φ T1 , . . . , Φ T k are commuting WOT-continuous completely positive linear maps and lim qi→∞ Φ qi Ti (I) exists in the weak operator topology for each i ∈ {1, . . . , k}, we have
Applying now id − Φ T2 , a similar reasoning leads to
Continuing this process, we obtain relation (1.5). Now, using relations (1.4) and (1.5), we have
This proves relation (1.3). Now, note that for each i ∈ {1, . . . , k} and X ∈ T + (H), Φ Ti (X) is a positive trace class operator and
Applying Lemma 1.1 and Lemma 1.2 when
. . , k}, and X = ∆ T (I), we deduce that the following limits exist and are equal
This also proves the existence of the curvature invariant defined by relation (1.2). Taking into account that
and setting
an application of Stolz-Cesàro convergence theorem to the sequence {x q1 } ∞ q1=0 implies
Continuing this process and putting together all these relations, we obtain
Consequently, using relation (1.3), we obtain
where the order of the iterated limits is irrelevant. The proof is complete.
If m ∈ Z + , we denote by P ≤m the orthogonal projection of
In the particular case of the regular polydisk, i.e. n 1 = · · · = n k = 1, we have trace P
Theorem 1.3 implies several other asymptotic formulas for the curvature in the regular polydisc. 
Remark 1.5. A closer look at the proof of Thoorem 1.3 reveals that, if
T = (T 1 , . . . , T k ) is an element in B(H) n1 × c · · · × c B(H) n k such that ∆ T (I) is0 ≤ curv(T) ≤ trace [∆ T (I)] ≤ rank [∆ T (I)]. Corollary 1.7. If T ∈ B n (H) and T ′ ∈ B n (H ′ ) have trace class defects, then T ⊕ T ′ ∈ B n (H ⊕ H ′ ) has trace class defect and curv(T ⊕ T ′ ) = curv(T) + curv(T ′ ). If, in addition, dim H ′ < ∞, then curv(T ⊕ T ′ ) = curv(T).
The curvature operator and classification
In this section, we show that if T ∈ B n (H) has characteristic function and finite rank, then its curvature is the trace of the curvature operator, to be introduced, and satisfies an index type formula which is used to obtain certain classification results. In particular, we show that the curvature invariant classifies the finite rank Beurling type invariant subspaces of the tensor product of full Fock spaces
one-to-one map and each X ∈ B(H) has the representation
where the iterated series converge in the weak operator topology. If, in addition,
Proof. We use the notation ∆
If Z ∈ B(H) is a positive operator and x, y ∈ H, the Cauchy-Schwarz inequality implies
Taking into account that any bounded linear operator is a linear combination of positive operators, we conclude that the convergence above holds for any Z ∈ B(H). Passing to the limit in relation (2.1) as q i → ∞, we obtain
Similarly, we obtain
and, continuing this process,
Putting together these relations, we deduce the first equality of the lemma. Now, one can see that ∆ φ is one-to-one. If we assume that ∆ φ (X) ≥ 0, then the multi-sequence
is increasing with respect to each indexes q 1 , . . . , q k . The last part of the lemma follows.
A simple consequence of Lemma 2.1 is the following result which will be used later.
pure element in the regular polyball B n (H), then the defect map ∆ T is one-to-one and any X ∈ B(H) has the following Taylor type representation around its defect
where S is the universal model associated with the abstract polyball B n .
Proof.
where the iterated series converge in the weak operator topology. Denoting P q := P
(1)
Consequently, we have
Note that, for each i ∈ {1, . . . , k} and α i ∈ F + ni with |α i | = s i ≤ q i , we have
Consequently,
Using the relations above, we obtain
Hence, we deduce that
This completes the proof.
In spite of the fact that the operator
is not positive in general, using Theorem 1.3 and Lemma 2.3, in the particular case when Y = K T K * T , we obtain the following result. Corollary 2.4. If T is in the regular polyball B n (H) and has finite rank, then
where K T is the Berezin kernel of T.
Define the bounded linear operator N acting on
and note that N is not a trace class operator.
Then ∆ S⊗I (Y )(N ⊗ I H ) is a trace class operator and
Proof. First, note that under the given conditions Y should be a positive operator and
for any q i ≥ 0 and i ∈ {1, . . . , k}. Consequently, due to Lemma 2.3, we have
is an increasing multi-sequence of positive operators convergent to N and we have
Therefore, ∆ S⊗IH (Y )(N ⊗ I H ) is a trace class operator. Using again Lemma 2.3, we can complete the proof.
We remark that the result of Theorem 2.5 holds for any operator in the complex linear span of the cone
Let S := (S 1 , . . . , S k ) be the universal model associated to the abstract noncommutative polyball B n .
for any i ∈ {1, . . . , k} and j ∈ {1, . . . , n i }. In case M is a partial isometry, we call it inner multi-analytic operator. We introduce the curvature operator
An element T ∈ B n (H) is said to have characteristic function if there is a multi-analytic operator
The characteristic function is essentially unique if we restrict it to its support. We proved in [25] that T has characteristic function if and only if
H) has finite rank and characteristic function, then the curvature operator of T is trace class and
Proof. Applying Theorem 1.3 and Theorem 2.5, we obtain curv(T) = lim
The latter equality is due to the fact that Θ T is a multi-analytic operator and ∆ S⊗I (I) = P C ⊗ I. The proof is complete.
We remark that T is pure, i.e. lim qi→∞ Φ qi Ti (I) = 0 in the weak operator topology for each i ∈ {1, . . . , k}, if and only if K T is an isometry. We also mention that the set of all pure elements of the polyball B n (H) coincides with the pure elements
In what follows, we show that the curvature invariant can be used to detect the elements T ∈ B(H) n1 × · · · × B(H) n k which are unitarily equivalent to S ⊗ I K for some finite dimensional Hilbert space K.
then the following statements are equivalent:
(i) T is unitarily equivalent to S ⊗ I K for some finite dimensional Hilbert space K;
(ii) T is a pure finite rank element in the regular polyball
In this case, the Berezin kernel K T is a unitary operator and
Proof. Assume that item (i) holds. Then there is unitary operator U :
. . , k} and j ∈ {1, . . . , n i }. Consequently, using Corollary 1.4, we have
The fact that T is pure is obvious. On the other hand, one can easily see that the Berezin kernel of S ⊗ I K is a unitary operator and, consequently, so is the Berezin kernel of T. This completes the proof of the implication (i) → (ii).
Assume that item (ii) holds. Since
which is a multi-analytic operator with respect to the universal model S and
where
Since T is pure, Theorem 6.3 from [25] implies that Θ T is a partial isometry. Due to the fact that S i,j are isometries, the initial space of Θ T , i.e.,
is an isometric multi-analytic operator and ΦΦ * = Θ T Θ * T . Due to Theorem 2.6, we have
Since curv(T) = rank ∆ T (I), we deduce that trace [Φ(P C ⊗ I L )Φ * (N ⊗ I H )] = 0. Taking into account that the trace is faithful, we obtain Φ(P C ⊗ I L )Φ * (N ⊗ I H ) = 0. The latter relation implies the equality
Since Φ is an isometry, we have Φ(P C ⊗ I L ) = 0. Taking into account that Φ is a multi-analytic operator with respect to S, we deduce that Φ = 0 and, consequently Θ T = 0. Now relation
shows that K T is a co-isometry. On the other hand, since T is pure, the Berezin kernel associated with T is an isometry. Therefore K T is a unitary operator. Since T i,j = K * T (S i,j ⊗ I ∆T(I)(H) )K T for i ∈ {1, . . . , k} and j ∈ {1, . . . , n i }, the proof is complete.
Let S := (S 1 , . . . , S k ), where S i := (S i,1 , . . . , S i,ni ) , be the universal model for the abstract polyball B n , and let H be a Hilbert space. We say that M is an invariant subspace of
. . , k} and j ∈ {1, . . . , n i }.
According to Theorem 5.1 from [25] , if a subspace
We recall that Beurling [5] obtain a characterization of the invariant subspaces of the Hardy space H 2 (D) in terms of inner functions. This result was extended to the full Fock space F 2 (H n ) in [18] and [19] . On the other hand, it is well known [29] that the lattice of the invariant subspaces for the Hardy space
is very complicated and contains many invariant subspaces which are not of Beurling type. The same complicated situation occurs in the case of the tensor product
Following the classical case, we say that M is a Beurling type invariant subspace for S ⊗ I H if there is an inner multi-analytic operator Ψ :
In this case, Ψ can be chosen to be isometric. In [25] , we proved that M is a Beurling type invariant subspace for S ⊗ I H if and only if
where P M is the orthogonal projection on M. If M is a Beurling type invariant subspace of
We say that M has finite rank if (S ⊗ I H )| M has finite rank.
The next result shows that the curvature invariant completely classifies the finite rank Beurling type invariant subspaces of S ⊗ I H which do not contain reducing subspaces. In particular, the curvature invariant classifies the finite rank Beurling type invariant subspaces of 
Let {ℓ ω } ω∈Ω be an orthonormal basis for L. Note that {v ω := Ψ(1 ⊗ ℓ ω ) : ω ∈ Ω} is an orthonormal set and
. . , k}, ω ∈ Ω} is an orthonormal basis for M. Note also that Ψ(P C ⊗ I L )Ψ * (M) coincides with the closure of the range of the defect operator ∆ (S⊗I)|M (I M ) and also to the closed linear span of
Since Ψ is a multi-analytic operator and P M = ΨΨ * , we have
Using Corollary 1.4 and the fact that curv(S) = 1, we deduce that 
that they do not contain nontrivial reducing subspaces for the universal model S
⊗ I E . If P M ⊥ (S ⊗ I E )| M ⊥ is unitarily equivalent to P N ⊥ (S ⊗ I E )| N ⊥ , then there is a unitary operator U ∈ B(E) such that (I ⊗ U )P M = P N (I ⊗ U ).
Conversely, if M, N are Beurling type invariant subspaces and there is a unitary operator
and note that the Cuntz-Toeplitz algebra [6] generated by the shifts S i,j satisfies the relation 
Consequently, π 1 and π 2 are minimal Stinespring dilations of the unital completely positive linear maps Ψ 1 and Ψ 2 , respectively. Now, assume that there is a unitary operator Z :
. . , k} and j ∈ {1, . . . , n i }. It is easy to see that ZΨ 1 (X) = Ψ 2 (X)Z for any X ∈ C * (S i,j ). Now, using standard arguments concerning the uniqueness of minimal dilations of completely positive maps of C * -algebras (see [1] ), we deduce that there is a unique unitary operator
, which is equivalent to W P M = P N W . Since C * (S i,j ) is irreducible (see Lemma 5.5 from [25] ) we must have W = I ⊗ U where U ∈ B(E) is a unitary operator. Now, we prove the converse. Assume that U ∈ B(E) is a unitary operator such that (I ⊗ U )P M = P N (I ⊗ U ), where M, N are Beurling type invariant subspaces of ⊗ k i=1 F 2 (H ni ) ⊗ E such that they do not contain nontrivial reducing subspaces for the universal model S ⊗ I E . Therefore, we can find isometric multi-analytic operators ψ s :
, such that ψ 1 ψ * 1 = P M and ψ 2 ψ * 2 = P N . Consequently, setting ψ := (I ⊗ U * )ψ 2 , the relations above imply ψ 1 ψ * 1 = ψψ * . Since ψ 1 , ψ are multi-analytic operators and P C = (id − Φ S1 ) · · · (id − Φ S k )(I), we obtain
Define the operator A ∈ B(E 1 , E 2 ) by setting A((P C ⊗I E1 )ψ *
Since ψ 1 is an isometric multi-analytic operator and M has no nontrivial reducing subspaces for the universal model S ⊗ I E , we must have
. A similar result holds for E 2 . Therefore, the operator A is unitary and ψ(P C ⊗ I E2 ) = ψ 1 (P C ⊗ I E1 )A * . Hence, ψA| C⊗E1 = ψ 1 | C⊗E1 and, due to the analyticity of ψ and ψ 1 , we have ψ(I ⊗ A) = ψ 1 . Since ψ := (I ⊗ U * )ψ 2 , we deduce that (I ⊗ U )ψ 1 = ψ 2 (I ⊗ A). Now, note that the unitary operator I ⊗ U takes M onto N and
for any i ∈ {1, . . . , k} and j ∈ {1, . . . , n i }. This completes the proof.
We remark that when M, N are nontrivial invariant subspaces of
, Theorem 2.10 shows that P M ⊥ S| M ⊥ is unitarily equivalent to P N ⊥ S| N ⊥ if and only M = N .
Invariant subspaces and multiplicity invariant
In this section, we prove the existence of the multiplicity of any invariant subspace of the tensor product
, where E is a finite dimensional Hilbert space. We provide several asymptotic formulas for the multiplicity and an important connection with the curvature invariant. We show that the range of both the curvature and the multiplicity invariant is the interval [0, ∞). We also prove that there is an uncountable family of non-unitarily equivalent pure elements in the noncommutative ball with rank one and the same prescribed curvature.
Let M be an invariant subspace of the tensor product
where E is a finite dimensional Hilbert space. We introduce the multiplicity of M by setting
Theorem 3.1. Let M be an invariant subspace of the tensor product
where E is a finite dimensional Hilbert space. Then the multiplicity of M exists and satisfies the equations
Proof. Since M is an invariant subspace under each operator S i,j ⊗ I E for i ∈ {1, . . . , k}, j ∈ {1, . . . , n i }, (p 1 , . . . , p k ) with p i ∈ {0, 1}. Therefore, M is in the polyball B n (M ⊥ ) and has finite rank. Since M ⊥ is invariant under S * i,j ⊗ I E and using relation (3.1), we obtain
for any q i ∈ Z + . Therefore, due to Theorem 1.3 and Corollary 1.4, curv(M) exists and we have
Now, one can easily complete the proof.
Using Theorem 3.1 and Lemma 2.3, we deduce the following result. 
Corollary 3.2. Let M be an invariant subspace of tensor product
where N ≤q is defined by relation (2.2).
Corollary 3.3. If M is an invariant subspace for the Hardy space
exists, where P ≤m is the orthogonal projection onto the polynomials of degree ≤ m.
The existence of the limit in Corollary 3.3 was first proved by Fang (see [11] ) using different methods. According to Theorem 3.1, we have several other asymptotic formulas for the multiplicity. be the universal models of the polyballs B n (i) and B (n (1) ,...,n (p) ) , respectively. For each i ∈ {1, . . . , p}, assume that 
and the multiplicity invariant satisfies the equation
Proof. For each i ∈ {1, . . . , p} let n (i) := (n
nj ) be the full Fock space with n (i) j generators, and denote by P (n
the span of all homogeneous polynomials of
and let U be the unitary operator which provides the canonical identification of the Hilbert tensor product
where the limit is taken over (q
1 , . . . , q
κ (1) , . . . , q
. Note that the latter limit is equal to the product
which, due to Theorem 3.1, is equal to
For each i ∈ {1, . . . , p}, set
Since, due to Thorem 3.1,
we deduce the corresponding identity for the curvature. The proof is complete. We recall that a Beurling type characterization of the invariant subspaces of the full Fock space was obtained in [18] .
Corollary 3.5. For each i ∈ {1, . . . , k}, let M i be an invariant subspace of
where curv i and m i are the curvature and the multiplicity with respect to F 2 (H ni ), respectively. Theorem 3.6. Let n = (n 1 , . . . , n k ) ∈ N k be such that n i ≥ 2 and n j ≥ 2 for some i, j ∈ {1, . . . , k}, i = j. Then, for each t ∈ (0, 1), there exists an uncountable family {T (ω) (t)} ω∈Ω of pure elements in the regular polyball with the following properties:
Proof. Assume that n i ≥ 2. If t ∈ [0, 1), there exists a subsequence of natural numbers 
It is clear that
is an invariant subspace of F 2 (H ni ). If k p ≤ q i < k p+1 , then, according to Theorem 3.1, we have
Fix t ∈ (0, 1), assume that n 1 , n 2 ≥ 2, and let ω ∈ (1 − t, 1). Set
which is an invariant subspace under S i,j for any i ∈ {1, . . . , k} and j ∈ {1, . . . , n i }. Defining T (ω) (t) := P M (ω) ⊥ S| M (ω) ⊥ and using Corollary 3.5, we deduce that
Since the curvature is a unitary invariant and curv , 1) and ω = σ. Due to Theorem 2.10, when E = C, we deduce that N 2 (ω, t) = N 2 (σ, t), which implies M (ω) = M (σ) . Using again Theorem 2.10, we conclude that T (ω) (t) in not unitarily equivalent to T (σ) (t) for any ω, σ ∈ (1−t, 1), ω = σ. The fact that rank [T (ω) (t)] = 1 is obvious. The proof is complete.
We remark that Theorem 3.6 shows, in particular, that the curvature is not a complete invariant.
Corollary 3.7. Let n = (n 1 , . . . , n k ) ∈ N k be such that n i ≥ 2 and n j ≥ 2 for some i, j ∈ {1, . . . , k}, i = j. For each s ∈ (0, 1), there is an uncountable family of distinct invariant subspaces
Proof. A closer look at the proof of Theorem 3.6 and using Corollary 3.5, reveals that m i (M i (t)) = 1 − t for any t ∈ [0, 1), where M i (t) is defined by relation (3.2). Fix s ∈ (0, 1), assume that n 1 , n 2 ≥ 2, and let ω ∈ (s, 1). We define the subspace
are invariant subspaces defined by relation (3.2). Using again Corollary 3.5, we obtain m(N (ω) ) = s for all ω ∈ (s, 1). As in the proof of Theorem 3.6, one can show that {N (ω) } ω∈(s,1) are distinct invariant subspaces.
We remark that in the particular case when n 1 = · · · = n k = 1, Fang proved in [11] that the multiplicity of any invariant subspace of H(D k ) is always a non-negative integer. When at least one n i is ≥ 2, we have the following result. 
Moreover, for each s
Proof. If t = 1, we have curv(S) = 1. We can assume that n 1 ≥ 2. If t ∈ [0, 1), consider the subspace
, where M 1 (t) is defined by relation (3.2). As in the proof of Theorem 3.6, one can show that curv(P M(t) ⊥ S| M(t) ⊥ ) = t. This implies m(M(t)) = 1 − t and completes the proof.
Using Corollary 3.8 and tensoring with the identity on C m , one can see that for any t ∈ [0, m], there exists a pure element T in the polyball with rank (T) = m and curv(T) = t.
We remark that due to Theorem 3.1, if M is a proper invariant subspace of
However, we have the following result. 
. . , k} and, using Corollary 3.5, we deduce that curv(
We remark that if T is an element of the regular polyball B n (H) and M is an invariant subspace under T, then T| M is not necessarily in the polyball. On the other hand, if T has finite rank, T| M could have infinite rank. Indeed, if at least one n i ≥ 2, then there are invariant subspaces
2 (H ni ) of infinite codimension such that such that rank (S| M ) = ∞. To see this, assume that n 1 ≥ 2, take
We also mention that if n i ≥ 2 for some i ∈ {1, . . . , k}, then there are Beurling type invariant subspaces
2 (H ni ) of infinite codimension with rank (S| M ) = curv(S| M ) = 1. Indeed, assume that n 1 ≥ 2 and take
Lemma 3.10. If T ∈ B n (H) and M is an invariant subspace under T, then T| M ∈ B n (M) if and only if
for any p i ∈ {0, 1}. If, in addition, T is pure, then the condition above is equivalent to
is an invariant subspace under the universal model S ⊗ I, then (S ⊗ I)| M is in the polyball if and only if M is a Beurling type invariant subspace for S ⊗ I.
Proof. Since M is an invariant subspace under T, we have
Since the direct implication is obvious, we prove the converse. Assume that
Let h ∈ H and consider the orthogonal decomposition h = x + y with x ∈ M and y ∈ M ⊥ . Using the fact that M ⊥ is invariant subspace under each operator T * i,j , we have
If, in addition, T is pure and
then, since Φ T1 is positive linear map, we deduce that
. Now, using Theorem 5.2 from [25] , the last part of this lemma follows.
if and only if there is an inner sequence {ψ
where the convergence is in the strong operator topology, and
Proof. According to Lemma 3.10, condition S| M ∈ B n (M) holds if and only if M is a Beurling type invariant subspace. Therefore, there exist multi-analytic operators
that it does not contain nontrivial reducing subspaces for the universal model S ⊗ I E , and let
T := P M ⊥ (S ⊗ I E )| M ⊥ . Then there is a unitary operator Z : ∆ T (I)(H) → E such that (I ⊗ Z)K T = V ,
where K T is the Berezin kernel associated with T and V is the injection of
M ⊥ into ⊗ k i=1 F 2 (H ni ) ⊗ E.
Moreover, T has characteristic function if and only if M is a Beurling type invariant subspace.
Proof. Note that M ⊥ is a cyclic subspace for S ⊗ I E . Therefore, S ⊗ I E is a minimal isometric dilation of T := P M ⊥ (S ⊗ I E )| M ⊥ . On the other hand, according to [25] (see Theorem 5.6 and its proof) if
is the noncommutative Berezin kernel, then the subspace K f ,T H is co-invariant under each operator S i,j ⊗ I ∆TH for any i ∈ {1, . . . , k}, j ∈ {1, . . . , n i } and the dilation provided by the relation
Moreover, since the Cuntz-Toeplitz algebra [6] satisfies the relation 
As in the proof of Lemma 3.10, M is a Beurling type invariant subspace if and only if ∆ S⊗IE (P M ) ≥ 0. Using the identity above, we deduce that ∆ S (I − K T K * T ) ≥ 0, which, due to Theorem 6.2 from [25] , is equivalent to T having characteristic function. The proof is complete. Proposition 3.13. The following statements hold.
Proof. To prove item (i), note that Lemma 3.12 shows that there is a unitary operator Z :
Since M is a Beurling type invariant subspace, we have ∆ S (P M ) ≥ 0, which implies ∆ S (I −K T K * T ) ≥ 0. If we assume that curv(T) = 1, then curv(T) = rank (T) and, due to Theorem 2.7, T is unitarily equivalent to S. Consequently, M ⊥ is an invariant subspace for S i,j and, therefore, reducing for S i,j . Since the C * -algebra C * (S i,j ) is irreducible, we get a contradiction. Now, we prove part (ii). Since any invariant subspace of F 2 (H ni ) is of Beurling type (see [18] ), we can apply part (i), when k = 1, and deduce that curv
) < 1. Now, using Proposition 3.5, one can complete the proof.
We remark that Proposition 3.13 implies that
, which is the case when k = 1 (see [21] ).
Stability, continuity, and multiplicative properties
In this section, we provide several properties concerning the stability, continuity, and multiplicative properties for the curvature and the multiplicity invariants. 
Proof. Note that rank (T|
Since M is an invariant subspace under T, we have
Note also that
Using Corollary 1.4, we deduce that curv(T) = curv(T| M ) if n i = 1 for at least one i ∈ {1, . . . , k}. When n i ≥ 2, we obtain
The proof is complete. 
Proof. Set A := (A 1 , . . . , A k ) and A i := (A i,1 , . . . , A i,ni ) , where A i,j := P M T i,j | M for i ∈ {1, . . . , k} and j ∈ {1, . . . ,
On the other hand, since id − Φ q1+1 T1
Using Corollary 1.4, we deduce that curv(T) = curv(A). The proof is complete.
We denote by A the set of all k-tuples φ = (φ 1 , . . . , φ k ) of commuting positive linear maps on B(H) such that φ i (T + (H)) ⊂ T + (H) and
for any X ∈ T + (H) and i ∈ {1, . . . , k}.
Lemma 4.3. Let φ = (φ 1 , . . . , φ k ) and φ (m) = (φ 1,m , . . . , φ k,m ), m ∈ N, be in A and let X and X m be in
According to Lemma 1.1, {x q } q∈Z k + and {x 
This contradicts the hypothesis that lim m→∞ x (m) q = x q . The proof is complete. 
Proof. Due to the hypothesis, we can assume that 
Due to Theorem 1.3 and its proof, we have
we obtain lim sup
Using again Theorem 1.3, we conclude that lim sup m→∞ curv(T (m) ) ≤ curv(T). The proof is complete.
The next result shows that the multiplicity invariant is lower semi-continuous.
). Due to Theorem 3.1, we have
As in the proof of the same theorem, we have
and a similar relation associated with M (m) holds. Since WOT-lim m→∞ P Mm = P M , we deduce that
Consequently, we obtain
As 
Taking into account that A (m) q and A q have finite rank, we have = lim
is a pure element of the polydisc B (1,...,1) (H ⊗ · · · ⊗ H), has finite rank, and
Commutative polyballs and curvature invariant
In this section, we introduce the curvature invariant associated with the elements of the commutative polyball B c n (H) with the property that they have finite rank defects and characteristic functions. There are commutative analogues of most of the results from the previous sections.
Since the case n 1 = · · · = n k = 1 was considered in the previous sections, we assume, throughout this section, that the k-tuple n = (n 1 , . . . , n k ) has at least one n i ≥ 2. The commutative polyball B c n (H) is the set of all X = (X 1 , . . . , X k ) ∈ B n (H) with X i = (X i,1 , . . . , X i,ni ), where the entries X i,j are commuting operators. According to [26] , the universal model associated with the abstract commutative polyball B 
is the symmetric Fock space on n i generators. We recall that F 
. . , k} and the orthogonal projection P 
where the iterated series converge in the weak operator topology. Setting Q q := Q
Hence, we have
Since the symmetric Fock space F 2 s (H ni ) is coinvariant under each operator S i,j , one can see that
for any i ∈ {1, . . . , k} and α i ∈ F + ni with |α i | = s i ≤ q i . This can be used to deduce that
Putting together the relations above, we obtain
which completes the proof.
Define the bounded linear operator
is a trace class operator and
Proof. First, note that Lemma 5.1 implies
for any q i ≥ 0 and i ∈ {1, . . . , k}. Since { N ≤q } q∈Z k + is an increasing multi-sequence of positive operators convergent to N and ∆ B⊗IH (Y ) ≥ 0 we deduce that
Therefore, ∆ B⊗IH (Y )( N ⊗ I H ) is a trace class operator and the equality in the theorem holds. The proof is complete.
We remark that the result of Theorem 5.2 holds for any operator in the complex linear span of the cone consisting of all operators
We recall from [26] that the constrained Berezin kernel associated with T ∈ B c n (H) is the bounded operator
where K T is the noncommutative Berezin kernel associated with T ∈ B n (H). One can easily see that the range of
for any i ∈ {1, . . . , k} and j ∈ {1, . . . , n i }. An element T ∈ B c n (H) is said to have constrained characteristic function if there is a multi-analytic operator
with respect the universal model B, i.e. Θ T (B i,j ⊗I) = (B i,j ⊗I) Θ T for any i ∈ {1, . . . , k} and j ∈ {1, . . . , n i },
The characteristic function is essentially unique if we restrict it to its support. We proved in [26] that an element T has constrained characteristic function if and only if
We remark that if k = 1, then any element in B 
where Θ T is the constrained characteristic function of T.
Proof. Applying Theorem 5.2 when
T and taking into account that the constrained characteristic function is a multi-analytic operator with respect to B, we obtain
Given an element T in the commutative polyball B c n (H) with the property that it has finite rank and characteristic function, we introduce its curvature by setting
n (H) has finite rank and characteristic function, then the curvature curv c (T) exists and satisfies the asymptotic formulas
Proof. Since the range of the Berezin kernel K T is in the Hilbert space
for any q 1 , . . . , q k ∈ Z + . Hence, and due to Theorem 5.3, we deduce that
qi ] trace (X). The latter equality was proved by Arveson in [2] . Applying the inequality above repeatedly, we obtain 
Now, as in the proof of Lemma 1.1, we obtain that
for m big enough, which shows that
Using Stolz-Cesàro convergence theorem, we deduce that
Now, using relation (5.1), we conclude
and, consequently, the curvature curv c (T) exists. Now, we prove the last equality in the theorem. Since L = lim q1→∞ · · · lim q k →∞ x q and setting y q1 := lim q2→∞ · · · lim q k →∞ x q , an application of Stolz-Cesàro convergence theorem to the sequence 
The proof is complete.
We remark that, due to relation (5.1), all the asymptotic formulas in Theorem 5.4 can be written in terms of the constrained Berezin kernel K T . We only mention the one corresponding to the last formula, namely, curv c (T) = lim 
In this case, the constrained Berezin kernel K T is a unitary operator and
i ∈ {1, . . . , k}, j ∈ {1, . . . , n i }.
Proof. The proof of the implication (i) =⇒ (ii) is similar to that of Theorem 2.7, but uses Theorem 5.4.
Assume that item (ii) holds. Since ∆ B⊗I (I − K T K * T ) ≥ 0, the tuple T has characteristic function
s (H ni ) ⊗ ∆ T (I)(H) which is a multi-analytic operator with respect to the universal model B and K T K * T + Θ T Θ * T = I . Since T is pure, K T is an isometry and, consequently, Θ T is a partial isometry. According to [26] , the support of Θ T satisfies the relation (5.3) supp ( Θ T ) = (α)∈F
where •
Taking into account that Φ 
Using the fact that if A is a finite rank positive operator, then trace (A) ≤ A rank [A], we deduce that The proof of the next lemma is similar to that of Lemma 3.12. The only difference is that we need to use Theorem 2.7. We omit the proof. We remark that there are commutative analogues of all the results from Section 4, concerning the continuity and multiplicative properties of the curvature and multiplicity invariants. Since the proofs are very similar we will omit them. We only mention the following result concerning the lower semi-continuity of the multiplicity invariant. 
